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Abstract

We examine the best approximation of componentwise positive vectors or positive continuous functions
f by linear combinations f = > jj9; of given vectors or functions ¢; with respect to functionals Q p,

1 < p < oo, involving quotients max{ f/ f , f /f} rather than differences | f — f |. We verify the existence
of a best approximating function under mild conditions on {¢ j};le. For discrete data, we compute a best
approximating function with respect to Qp, p = 1,2, 00 by second order cone programming. Special
attention is paid to the Qo functional in both the discrete and the continuous setting. Based on the
computation of the subdifferential of our convex functional Q~ we give an equivalent characterization of
the best approximation by using its extremal set. Then we apply this characterization to prove the uniqueness
of the best Qoo approximation for Chebyshev sets {g; };f:l.
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1. Introduction

In various applications, e.g., in query optimization [2,6] or in the restoration of images
contaminated with multiplicative noise [13,1] it is useful to involve quotients rather than
differences into the mathematical models and to ask for positive solutions. Moreover, generalized
relative error measures [7,10,17] make use of quotients.
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In this paper, we consider the approximation of positive discrete or continuous functions f
by linear combinations f = Z'}zl aj@; such that a certain functional Q,, 1 < p < 00, is
n}inimized. The functional Q, resembles the L, norm of the function max{f/f, f/f} — 1 for
f > 0. More precisely, we are interested in a minimizer of Q ,(A-), where A denotes the linear
transform Ao = Z?’:l aje;/f. A simple example is the approximation of a componentwise

positive vector (f(x;))L; by data ( f (xi))7L, lying on a line f (x) = a1 + apx with respect to
the Qo functional. Then we search for coefficients a1, @ such that

fo) fx)
F&D Fx)

. max max {

becomes minimal and f(xi) > 0,i = 1,...,m. Of course, due to ln(max{f/f, f/f}) =

|In f — In f | one could minimize || In f — f I, and use el as approximation of f. However,
as demonstrated in our numerical Example 3.1 this is often not a good choice.

This paper is organized as follows: In Section 2, we introduce the quotient functionals O,
1 < p < o0, and verify their convexity and continuity. We prove that under mild conditions on
{¢;}_, the functional Q(A-) attains a minimum and that the minimizer is unique for I < p < oo
if A has nullspace {0}. In Section 3, we deal with discrete data. We compute a minimizer of
0p(A-), p=1,2, 00 by second order cone programming. The best approximation with respect
to the Qo functional is examined in Section 4. Once we have computed the subdifferential of
0o, the approach follows basically the lines in [14], but with all the necessary modifications
due to the fact that Q, is not a norm. We give an equivalent characterization of the minimizer
of Q0 (A-) using its extremal set and apply this characterization to prove the uniqueness of the
minimizer if A is related to a Chebyshev set. We show the relation of our results to the best
approximation with respect to a generalized relative error.

2. Quotient functionals
Our considerations are based on the ‘quotient function’ g : R — [0, oco] given by
x—1 forx e[l,00),
q(x) = 1 1 forx e (0,1), (1)
* 00 otherwise,

ie., g(x) = max{x — 1, % — 1} for x > 0. The function ¢ is convex and continuous and
dom(q) := {x : g(x) < oo} is open, see also [12, p. 52, 83] and Fig. 1 left.

Let {2 be either a (innumerable) compact subset of R4 and w the Lebesgue measure on 2 or
a finite subset {xq, ..., x;;} of R4 with point measure u. By X := C({2) we denote the space of
continuous functions on {2, resp. the space X := R and by X ¢ the positive functions in X. Set

fx) =1 for f(x) €[l,00),

1
O, f)=q(f(x)) == —1 forf(x)€(01), @
f)

o0 otherwise .

Proposition 2.1. The function Q : {2 x X — [0, oo] in (2) is continuous in x for every f € X
and convex in f for every x € (2.
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Fig. 1. Left: The function g. Right: The ‘unit sphere’ of Qp forp=1,2,3,001n RZ.

Proof. The continuity of Q(-, f), f € X, follows by the continuity of f and g and the convexity
of Q(x, ), x € {2 by the convexity of g. [J

We want to concatenate the quotient function with the L, norms

I/p
Ifllp = (/ |f(x)|pdu> , I<p<oo, and | flleo:=esssup]|f(x)l.
0 xef?

For 1 < p < 0o, we introduce Q) : X — [0, oo] by

19C, Al if p{x: f(x) =0} =0,

00 otherwise .

Q,(f) 1={

For example, we obtain for f(x) := /x on {2 := [0, 1] that Q1(f) = 1 while 0,(f) = oo for
p > 1. For p = co we have that

Qoo(f) = sup Q(x, f).

xef?

In particular, we see in the case X = R™ that 0, (f) = (Z;"Zl O(x;, f)p)l/p, 1<p<ooand
Ooo(f) = maxi=1,.m Qxi, f).

The level sets { f € R? : 0,(f) < 1}for p=1,2,3, oo are illustrated in Fig. 1 right.

In the following, we always equip X with the L, norm so that it becomes a Banach space.

Proposition 2.2. The functional Q,, 1 < p < 00 has the following properties:

(1) Q) is convex on X.
(ii) Qﬁ is strictly convex on dom Q, for 1 < p < oc.
(iii) Qp is continuous on X.

Proof. (i) For f, g € X and A € [0, 1] we have to show that
Op(Af + (1 —=21)8) <=20,(fH+ U —=20p(g).

If one of the values u{x : f(x) < 0} or u{x : g(x) < 0} is positive, then the assertion is clear.
Assume that both values are zero. Then u{x : Af(x) + (1 — A)g(x) < 0} = 0 and it remains to
show that

1QC.Af+ A =Ml = AQC Hllp + A =MIQC Ip-

By Proposition 2.1, we obtain

0=Q0@xAf+0-1g =20, /H+ 1 -1O(x,8) Vxel
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and hence

QG Af+A =Ml =120 H+ A =10 lp
= MOG Dllp + A =DIOE DIp- 3

(i) Let f, g € dom Q, with f # gand A € (0,1). Then Af + (1 — X)g € dom @, and since
|| - ||£, 1 < p < o0, is strictly convex, we obtain together with (3) that

10 CAf + (=) Iy < IAQC, )+ (1 =10, Iy
< MG NIy + 1 =DIQE -

(iii) Since Q, is proper, convex and there exists a non-empty open set of dom Q, where Q) is
bounded above by a finite constant, it is continuous over the interior of dom Q, see [5, p. 12].
It remains to show for any function f not in the interior of dom @, and any sequence { f; },eN
with lim,— || f — fulleo = O that

iminf @, (fu) = @p(f) and limsup Qp(fn) = Qp(f). “

For p = oo a function f not in the interior of domQ «, has to fulfill f(xg) < O for some xg € (2.
Then the right inequality in (4) follows immediately and the left one by

liminf Qoo (fy) = liminfmax (|| fylloo = 1, 1/fullos = 1)
> liminf max (f, (x0) = 1, 1/fu(x0) = 1} = 00 = Qoe(f).

Let 1 < p < oo. Assume that u({2y) > 0, where (% := {x : f(x) < 0}. Then it remains to
verify the left inequality in (4). If there exists xo € (% such that f(xg) < O, then f(x) < —e <0
in a neighborhood N (xg) of x¢ and there exists n(e) such that f,(x) < —e/2 for x € N(xp)
and n > n(e). But then liminf, o Q,(f,) = oo by definition of Q,. Hence, we can restrict
our attention to f > 0. Since f,, converges uniformly to f, for any ¢ > 0 there exists n(¢) such
that | f,| < e on {%. But then Q,(f,) = n(f2)(1/e — 1) for n > n(e) which goes to infinity as
g — 0.

Therefore, it remains to consider the case (%) = 0 and u{x : f,(x) < 0} = 0. Then we get
by Fatou’s lemma [16, p. 17] and since lim,, . Q(:, f») = O(, f) a.e. that

oy (f) = ,/Q OC, fHf du = /Qlilfgio%fQ(',fn)p du
< liminf/ OC, fu)? du = liminf Q) (f),
n—o0 Q n—0o0

Qﬁ(f)=/QQ<-,f)Pdu=/ limsup O fi)? du

n—oo

> limsup/Q QC, fu)? du = limsup Qg(fn).

n—oo n—oo

This completes the proof. [

For given f € X.pand ¢; € X, j = 1,...,n, we want to find a function f € span{gp; : j =
L,...,n}suchthat Qp( f /f) becomes minimal. In other words, we are interested in
inf Q,(Aa), 5)

acR”
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where A : R” — X denotes the linear mapping

n (p
Aa = o L
5
——
v
onto its range R(A) = span{y; : j =1,...,n}.

Remark 2.3. It seems also natural to consider

& = argmin || In(f) — f||p. (6)

acR”

For p = oo, this problem is equivalent to

& = argmin Qoo(ef/f).
aeR?
The approximation with respect to the L, norm as considered in (6) is well examined, see [14]
and the references therein. For a numerical comparison of (6) for p = co with our approach see
Example 3.1.

Since R(A) is a finite dimensional linear subspace of X it is closed. By N(A) we denote
the nullspace of A. By the following proposition, Q,(A-) attains its minimum under mild
assumptions on A.

Proposition 2.4. Let R(A) Ndom Qp # @. Then Q,(A-), 1 < p < 00 attains its minimum. If
N (A) = {0}, then, for 1 < p < oo, the functional Q ,(A-) has a unique minimizer.

Proof. The restriction Q| a) of O onto the reflexive Banach space (R(A), ||-|l) is a proper,
convex, lower semi-continuous functional which is in addition coercive since || f =11, < Q,(f).
Thus, Q) attains its minimum on R(A). By definition of R(A) a corresponding minimizer has
the form Aé for some & € R” and this is also a minimizer of Q,(A-).

For 1 < p < oo, the minimizers of Q, and Qﬁ coincide. Since Qﬁ is strictly convex on
dom @, it has a unique minimizer ¥ € R(A) and since N'(A) = {0} this implies that there
exists a unique & € R” such that v = A&. This completes the proof. [

3. Minimization by second order cone programming

In this section, we deal with the discrete setting, i.e., we consider {2 = {x{, ..., x,} and
X = R™. Then for f := (f(x;))/L, € R”, the linear mapping A can be represented by the
matrix A = ((pj (x,-)/f(x,-))?j’.il. We suppose that n < m and that A has full range n so that
N(A) = {0}. Then, for p = 1, 2 and oo, the problems
@ = argmin QZ(Aa), resp., @ = argmin Q(Ax) @)
acR” acR"?

can be simply solved by second order cone programming (SOCP). In general, SOCP can be
applied for solving problems of the form

min {c, x) subjectto Mx +b € K 3

xeRs
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where c € R, b € RY, M € R"S and K is the product of convex cones of the form R;O, {0} or
L7 =[G x0T = (i)™ 5] = e
T =T T T =12
L, = {(x ,xf_l,xr> = X1, ..., X)) D IXl5 < 2x0—1X7, X1 > 0}.

Software packages like MOSEK [11] provide efficient large scale solvers for problems of this
kind. For details on SOCP we refer to [9]. It remains to rewrite (7) into the form (8).
For p = oo, problem (7) is equivalent to the constraint problem

min _ Qs (#) subjectto Ae =u
ueR™ acR”

which can be rewritten as

<u<a, )

Q| =

min a—1 subjectto A =u, 1 <a,
acR,ucR™ acR”

where the inequalities are meant componentwise. The first two constraints and ¥ < a are
cone constraints with K = {0} or R. ;. The remaining constraints 1 < au; are equivalent to

V22 4+ (a—uj)? <u;+a,i =1,...,mand can therefore be reformulated as
00\, \ (2
-1 1 (“’>+ 0] eL?.
1 1)\ 0
For p = 1, problem (7) can be rewritten as

m

min E
ueR™ acR”

i=1

1
max {u(xi), —} — 1‘ subjectto Ao =u, 0 <u
u(x;)

and in SOCP-form as

Q| =
IA
<
IA
IS)

m
min E a; —m subjectto Aa = u, 1 <a,
a,ucR” aqecR" =

For p = 2, problem (7) is equivalent to

m 1 2
min max qu(x;), —— ¢ — 1 subjectto Ao =u, 0 < u
ueR”haER”%( { (r2) u(xi)} ) !
and further to

m
. . 1
min E ¢i subjecttoAa =u, 1<a, - <u<a, b=a-1, b2§c.
a,b,c,ucR™, qeR" = a

As in the previous problem these are second order cone constraints, where the fifth condition is
related to a rotated second order cone with (b;, ¢;, 1/ )T € Lf ,i=1,...,m.

We finish this section by an example. Since our original motivation to deal with this topic
comes from query optimization in relational database management systems we give an example
with data from this area.
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Fig. 2. Approximation by polynomials of degree 1, 2 and 4 (left to right). Top: with respect to Q. Middle: with respect

to Q5. Bottom: with respect to Qo and el for f approximated by (6) with p = oo (dashed line).

Example 3.1. The dots in Fig. 2 show the number of authors for a given number of citations
between 256 and 512 times as extracted from the citeseer top 10.000 cited computer science au-
thors. The solid lines are the approximations of the data by polynomials of degree 1, 2 and 4 with

respect to Q,, for p =1, 2, co. The dashed lines in the bottom figures show the approximations

by e/ from problem (6) in Remark 2.3, with p = oo, where f is again a polynomial of degree

1, 2 and 4. The corresponding minimal values of Q ,( f /f) are given in the following table. The
last column of the table shows the value max; max{ f (x;)/ef ™) — 1, e/ /£ (x;) — 1} for the

approximation (6) with p = oo.

Degree Q) o) O Qco.eXp
1 64.3062 30.2001 1.1606 1.1077
2 60.6107 25.5951 0.9740 1.0448
3 60.5563 25.5942 0.9700 0.9957
4 60.4704 25.5163 0.9321 0.9493

4. The Q. functional

In this section, we have a closer look at the QO functional. In particular, we are interested in
conditions on A : R” — X such that the minimizer of QO (A-) is unique. Let X’ denote the dual
space of X. Of course (R™)" = R™, while the dual space of (C(£2), | - |lco) is the Banach space
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M (£2) of regular (signed) Borel measures equipped with the total variation. Note that we know
by the Krein—Milman theorem and the theorem of Alaoglu [15, Sec. VIII] that

{peM ) :|pl =1} =conv{5:8(x): & =1, x € 02},

where (8(x), f) = v(x) for all f € C(§2) and conv denotes the closure of the convex hull in the
weak* topology of X'.

In the following, we assume that R(A) N domQs # @ such that a minimizer of QO (A-)
exists. Note that domQ+, = X (. Further, we see that there exists u € R(A) with

Ooc) =0 u=1%s1eR(A),

so that we restrict our attention to the non-trivial case Qo (u) > 0.
The subdifferential 0 Qo (1) of the proper convex functional Q, at u € X~ is defined as

3Q00(u) == {p € X" Qoo(u) < Qoo(v) + (p, u — v) Yv € X}. (10)
By Fermat’s rule we know that & is a minimizer of 0 = Os(A") if and only if
0€d0(@) = A*00s(AQ). (11

Therefore we are interested in d Q . We will show that 9 Q () is the weak* closure of certain
linear combinations of Dirac measures. To this end, we need the following theorem. The proof
can be found, e.g., in [8, p. 201].

Theorem 4.1. Let {2 be a compact topological space and let X be a separable locally convex
topological space. Let F(x,u) be a function on {2 x X which is upper semi-continuous in x
for every u € X and convex in u for every x € {2. Set G(u) = sup,c F(x,u). If F(x,)is
continuous at u for any x € {2, then

0G(u) =conv{d, F(x,u):x € 2, F(x,u) = G(u)}.

This theorem can be used to prove the following theorem.

Theorem 4.2. Let u € X-o with Qoo(1t) > 0 and let

E=Ew)={xeR: Q0 u) =00} (12)
be the extremal set of u. Then the subdifferential of Qo at u is given by

8 000() =T | (Qoo(u) + ' 6, 5(1) 1 x € E,
where 6, = sgn(u(x) — 1).

Proof. Leta .= Qo (u) + 1 > 1. By Proposition 2.1 and Theorem 4.1 with F(x, u) := Q(x, u)
and G := Qo it remains to show that

§(x) ifulx)=a,
—a*8(x) ifu(x)=1/a,

Letx € Eand p € dQ,(x, u). Then p has to fulfill
Q(x,u) < Q(x,v)+(p,u—v) VveX (13)

30, u) = a""0,8(x) = { x € E.
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Setv:=u=xh,h € X, where h(x) = 0 so that Q(x, u) = Q(x,v) = a — 1. Then (13) implies
for any & € X with h(x) = 0 that

0<=x(p,h) & (p,h)=0.

Consequently, p is supported on x, i.e., p = cd(x).
If a = u(x), then (13) implies

a—1<Q0x,v)+cl@a—vkx) YvelX
and choosing v € X such that v(x) > 1 we obtain

a—1<vkx)—14cla—vx)),

0<(—-c¢)(wkx)—a).

Choosing v € X such that v(x) > a and then such that v(x) < a, this implies that ¢ = 1.
If 1/u(x) = a, then (13) can be rewritten as

a—lfQ(x,v)+c(£—v(x)) VveX

and for v € X with v(x) < 1 we get
5 1e(G )
a—1<——14c|—-—vx)]),
v(x) a
0<(a+cvx)(—avx)).

In the case v(x) < 1/a, this implies that a + cv > 0, i.e., ¢ > —a?. Choosing v € X such that
v(x) > 1/a we conclude that ¢ < —a? so that finally ¢ = —a?. This completes the proof. [

The following theorem characterizes the minimizers @ = argmin Qoo (A-).

Theorem 4.3. Let A : R" — X be given by Aa = Z?:l ajyj, ¥; € X, where R(A)NX~o #
B and 1 € R(A). Assume that R(A) contains only functions u for which the set E (u) defined by
(12) is finite. Then

@ = argmin Qo (Aa) and 0= A&, a= Qu(Ad) + 1 (14)

acR”

ifandonlyifthereexisti eR,t<n+1 with):i #0,i=1,....,tandx; € E@), i =1,...,¢t
such that

O Y hivjG) =0, j=1,....n

(ii) 2221 hoga%itl =1, 6 = sgn(i (%) — 1),
(iii) if A > Othen i(%;) = a and if &; < 0 then i(%;) = 1.
Proof. By (11), we have that & is a minimizer of Qo (A-) if and only if there exists p €
9 Qo0 (Ad) such that 0 = A*p = ((p,¥;))";_,. By Theorem 4.2 we know that p has the form

n
j
p= ) mia i0,80x)
x;€E(it)
with p; > 0, )", u; = 1. Thus, & is a minimizer of Qo (A-) if and only if

0= Z Mi&ligxiext-lffj(xi), j=1,...,n.
xi€E )
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n
In other words, 0 is a convex combination of the n-dimensional vectors (&l_exi OV (x,-)) -

By Carathéodory’s theorem we know that for any subset D C R”, any point of conv(D) can be
expressed as a convex linear combination of ¢t < n + 1 points of D. Consequently, there exist
t <n+ 1 points x; from E(u) and 1; > 0, 2521 ; = 1 such that

t

0= fia "0, v;&). j=1...n
A
We have that 4, 6;, > O and Y _  fii = Y ]A a%7'9; = 1.1f&; > Othen 6y, = 1 and
u(x;) = a by definition of E(iz). Conversely, if Ai < O then 0z, = —1 and i(X;) = 1/a. This
finishes the proof. [

Corollary 4.4. Let the assumptions of Theorem 4.3 be fulfilled. Let
a = argmin Qo (Aa), = Aa, a=Q0x(Aa) + 1

aeR”

and let x; € E(w), i = 1,...,t denote the points in (1)—(iii) of Theorem 4.3. Then, any other
minimizer & of Qoo(A-) and u = Aa fulfill

A(%) = (&) = a".

Proof. By Theorem 4.3 there exists A € R’ such that

and )A\,-G);i > (. Taking this into account we obtain

t
2 lhlla® =11 = ZA @& — 1)
= ZA Za,wﬁ,(xl) - ZA

i=1 i=1

For those X;,i = 1,...,t with 0, = sgn(ia(X;) — 1) we have that |iZ(%;) — 1] < |&9'fi — 1|. Then
we get for the remaining indices in I :=={i = 1,..., ¢ : 0, # sgn(i(x;) — 1)} that

D lhl1a% =11 = > 1Al 65, (&) — 1) <0.

iel iel

Since the left-hand side is positive, this implies that 7 is empty and that #(&;) = a%. O
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Now we can address the question of the uniqueness of the minimizer.
First, we consider the discrete setting X = R™ with

A= (‘pj(xi)/f(xi))zl}i] = (I/fj(xi)):flj’-il : (15)
By spark(A) we denote the smallest number of rows of A which are linearly dependent. In other
words, any spark(A) — 1 rows of A are linearly independent. For the ‘spark’ notation we also
refer to [4].

Theorem 4.5. Let A € R™", m > n such that spark(A) = n + 1. Then Qo (A-) has a unique
minimizer w}iich is determined by n + 1 rows of A, i.e., there exists a set E C {x1,...,Xn} of
cardinality |E| = n+1 such that Qo (A-) and Qo (Al z-) have the same minimum and the same

minimizer. Here A| . denotes the restriction of A to the rows belonging to E.

Proof. Let £ = {x; ;i =1,...,t},t < n+ 1 denote the points in Theorem 4.3. Then we
have by (i) of Theorem 4.3 that (A|z)*A = 0. If t < n, this implies by spark(A) = n + 1 the
contradiction A = 0. Thus, t = n+ 1. In particular, if m = n+1,thenx; and x;,i = 1,...,n+1
coincide.

Assume now that there exist two different minimizers & and & of Q. (A-). Then we conclude
by Corollary 4.4 that A|z(& — &) = 0. Since A|; € R"*+1.7 has full rank this is only possible if
a=a.

Similarly, if A is a minimizer of Qus(A| ), then Corollary 4.4 implies that A| ;(& — B) = 0,
ie., & = B and we are done.  [J

Remark 4.6. In general the condition spark(A) = n + 1 is not necessary for O (A-) to have a
unique minimizer. However, if A € R™T1L7 and R(A) N R’:gl # (), then spark(A) = n + 1 is
also necessary for O (A-) to have a unique minimizer.

Next, we consider the continuous setting with

n
Aw =Y ajo;j(x)/f(x), f>0. (16)
j=1
A set of continuous functions ¢; : 2 — R, j = 1,...,n is called a Chebyshev set or a Haar

set, if every non-trivial linear combination of these functions has at most n — 1 zeros in {2. In
other words, for any collection of n pairwise distinct points x; € (2, the matrix ((p i (xi)):'l,j:1
and the matrix diag(1/f () (¢ (x)); ;_; = (#;(x)/f ()] ;_, is invertible. In particular,
in this case the matrix (15) fulfills spark(A) = n + 1. Of course, depending on the points x;,
the condition spark(A) = n + 1 can be also fulfilled if {¢; : j = 1, ..., n} is not a Chebyshev
set. For an interval {2 = I C R, the set of polynomials ¢;(x) = xi=l i =1,...,n forms a
Chebyshev set. Unfortunately, for {2 C R4, d > 2 there does not exist a Chebyshev set of n > 1
continuous functions.

Theorem 4.7. Let the functions ¢; : I — R, j = 1,...,n form a Chebyshev set and let A be
defined by (16). Then the minimizer of Qco(A-) is unique and is determined by the solution of
the corresponding discrete problem at n 4 1 points of 1.

Proof. Let £ = {x; i =A1, ..., t} denote the points in Theorem 4.3. Then we have by (i)
of Theorem 4.3 that (Alé)*k = 0. Since {g; };'.:1 is a Chebyshev set, this implies for ¢t < n
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the contradiction A = 0. Thus, = n + 1 and the rest of the proof follows as in the proof of
Theorem 4.5. [

Similarly as the best approximating function from the span of a Chebyshev set with respect to
Il - loo, the minimizing function it = A& of Qs (A-) shows an alternating behavior in the n + 1
points X;.

Theorem4.8. Let ¢; : I — R, j = 1,...,n form a Chebyshev set and let X1 < --- < Xp41
denote a set of points fulfilling (1)—(iii) Of Theorem 4.3. Let A be defined by (15) or (16). Then
the components of the corresponding vector A € R have alternating signs. In other words,

the values u(x;) = f(x,)/f(x,) coincide alternatingly with a == ming Qoo (Aa) + 1 and 1/a.
Conversely, if there exists ¢ > 0 and & € R" such that

n .
Z&jﬁﬁj(fi)/f(fi):C(_l)l, i=1,....,n+1, (17)

=1
then max{c, 1/c} = a and & = argmin, Qo (A).

Using Theorem 4.3 the proof follows similarly as for the || - || approximation, see [14]. We add
the proof for convenience.

Proof. Let & € R"*1" and A € R**1” be defined by
T T
lon ay

P = (‘Pj()?i))?ji’f = : and A := diag (]/f(xl))n—H b —

T T
¢n+1 D Apt1
By &;, A; € R*" we denote the matrices obtained from @, A by cancelling their ith row. By
Theorem 4.3(i) we know that

0=A"=0" Di & & (i1, ..., )" = —fins1ns1. (18)
Q
Since f > 0 the components of (i have the same signs as those of A. Then it follows by Cramer’s
rule that
b = et it~ Gt ) = s e LT
i = ————det(¢1, ..., Pi—1, — s il s =— _— .
Hi det By 1 i—1 Mn+1Pn+1, Pi+1 n Mn+1 det Gpr

Because {¢;}!"_; is a Chebyshev set, sgn (det &;) coincides foralli =1, ..., n+1,see[14, p. 55]

and we obtain the first assertion. ot
Conversely, assume that (17) is fulfilled. Then we have that ¢(=D"" = ag e = al A7l

N n+1°"n+1
(c(_l)') |+ On the other hand, we obtain by (18) that
i=

A;Jr](il, o)t = —hpg1dn1,
Givovoshn) = —harap AL
—()11, . n)/)»,1+1 = an+1An+1
so that
D ! (s eeeshn) (c(_l)i)r_l - = ! r%? A1 —c L%Z:J hal.
nl i=1 € hn+1 1= n+l =1
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However, ¢ > 0 is uniquely determined by this equation which is also fulfilled by a or 1/a. The
rest of the assertion follows by the uniqueness of the minimizer. [J

Letxy, ..., xy41 € I be pairwise distinct points. To find the unique polynomial f ell,_ 1 =
span{x!~! :i =1, ..., n} with the property that

SO _

fxi) ’
for some ¢ > 0, Dahmen [3] proposed the following method, compare [14, p. 79] for the or-
dinary || - ||co approximation: compute the interpolating polynomials p,q € I, correspond-
ing to the knots (x;, f(x;)),i = 1,...,n+ 1 and (x;, g(x;)), i = 1,...,n + 1, resp., where
g(x;) = (=1)'~! f(x;). The leading coefficients a, of p and b, of g are the divided differences
an = flx1,...,xp+1] and b, = g[x1, ..., xp+1]. We know that b,, £ 0, since there does not
exist a polynomial in I],,_; with n zeros. It is not hard to show that |a,| # |b,|. If a, = 0 we are
done and f = p.If |a,| < |by|, we set

f=(p- eq)/m, where ¢ .= a, /b, € (—1,1).
By construction we have that f € Il,_; and f(xi) = fx)A+ (=Die)/V/1—€2ie.

f) L+CDe oy [1Fe
fG) Y 1=(=Die T Vi —e

If |a,| > |bn|, we change to roles of p and gq.

This method can be generalized for other Chebyshev sets but is less efficient if we have no
analog to fast polynomial interpolation methods.

Based on the computation of the best O, approximation with respect to n + 1 points (by the
above method or SOCP) we can modify known methods from ordinary best || - || .c approximation
to find the overall best O, approximation. We have only to be careful with negative function
evaluations which may appear in the algorithm. They can be handled by ideas from the following
remark. In the discrete case, an ascending (or descending) algorithm can be applied and in the
continuous case Remes-type algorithms, see [14] or also the algorithm in [7].

i=1,....,n+1

Remark 4.9. In [7], the univariate best approximation with respect to the generalized relative
error

I — £)/max{| £1, | £ }lso (19)

for linear combinations f of a Chebyshev set was considered and a linear Remes-type algorithm
was proposed. The algorithm is based on an alternation theorem which was announced to be in a
submitted paper. To the best of our knowledge, this paper has never been published. In contrast
to our functional which reads

I max{f/f, f/f} = Uloo = I(f = f)/min{f, fYllccs f. f>0 (20)

the functional in (19) is not convex in f . Using quotients with y = f (x)/f (x) the point evalua-
tions in (19) read

1—y forlyl <1,

qm=1,_1 @1

for |y| > 1
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instead of (1). Note that g(y) > 1 fory < 0. For f > 0 botll functionals (19) and (20) have the
same minimizer which can be seen as follows: the function f minimizes our functional

Il max{f/f, f/f oo = N1/ min{ f/f, £/ fHloo, f >0

if and only if it minimizes

I(f — £/ max{f, oo = I1 —min{£/f, £/ oo

as long as the minimizer of (19) is indeed positive. This is always the case by the following
argument: Let f > 0 be the minimizer of our functional (20) and @ = Qo( f ) + 1. Then
1 — min{f(x)/f (x), f(x)/f(x)} < 1 —1/a forall x € I. Assume that there exists a mini-
mizer f of (19) with f(x) <0 for some X € I. But then, by (21), we have | f(X) — f()?)|/
max{| f (X)|, | f (X)|} = 1 such that f cannot be a minimizer. Thus, for f > 0, any minimizer of
(19) is automatically positive.

Since for f > 0 both functionals (19) and (20) have the same minimizer, our convex approach
proves also the alternation theorem for the best approximation with respect to the generalized rel-
ative error. Conversely, for computations one can alternatively use the error measure (19).
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